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Errors due to finite rise and fall times of pulses in superconducting charge qubits
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We study numerically the dynamics of two-qubit gates with superconducting charge qubits. The exact ratio
of E; to E_ and the corresponding operation time are calculated in order to implement two-qubit gates. We
investigate the effect of finite rise and fall times of pulses in realization of two-qubit gates. It is found that the
error in implementing two-qubit gates grows quadratically in rise and fall times of pulses.
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I. INTRODUCTION II. HAMILTONIAN OF SUPERCONDUCTING
CHARGE QUBITS

Building a practical quantum computer with & large num- |, this paper we consider two qubit systems: ideal qubits
ber of qubits has recently attracted much attention since thgnq superconducting charge qubit€® By comparing two
useful quantum algorithm$ and the quantum error- qubit systems, one can discover differences and similarities
correction code® were developed. Basic quantum logic between them, which will be helpful to improve the design
gates were implemented on trapped iBAQED cavities|  of superconducting charge qubits.
and liquid-state nuclear magnetic resonafic8.Solid-state First consider an ideal model for a quantum computer.
devices have advantages of large-scale integration, flexibilitfhe Hamiltonian of the system of ideal qubits reads
in the design, and easy connection to conventional electronic N
devices. Some of the solid-state devices proposed are as fol- Hideal ) = — E Bi(t)- o
lows: electron spins in quantum ddfsnuclear spins of do- 4 =S

nor atom in silicon? and ultrasmall Josephson L

junctions:*~*° LIS 3 (0T oW o) 4 o0l 1
Two types of superconducting qubits based on ultrasmall 2 .2<J i(OLox o+ oy oy, @

Josephson junctions were proposed. One is to use a number o=(o 600 o0) are Pauli matrices for thth

of excess Cooper pairs on a superconducting Cooper-paif y

. TS qubit. Here the Zeeman coupling terBgt) and the inter-
b?hx, c_al{ed tt_?e sup(_arci)n;jluctlng cthargef qubit® And (tjhet_ qubit couplingsJ;; (t) can be turned on and off between zero
other is to utilize a single flux quantum of a superconducting, - 1 iite values in a controlled way.
loop, called the superconducting flux qubitiere, we focus

: 4 : Let us consider a system & superconducting charge
on superconducting charge qubits. In theoretical aspects, t bits *16-18Each qubit consists of a single-Cooper-pair box
measurement of superconducting charge states using )

. : . v¥|th two ultrasmall Josephson junctions of capacitaﬁ?(ge
smg_le-elt_a‘ctron transistor and decohe_rgange due to coupling ?orming a superconducting quantum interference device ring
qubits with environments were studiéd® Also the quan-

tum leakage of superconducting charge qubits was pointeang.ta.gati electtro_de(\jmkt)h ca?acnatrﬁrge The dynlamlcs ofa

out®® In experiments, Nakamurat al?> demonstrated the JUP'" S characterzed by relevant energy scales, supercon-

coherent oscillations of Cooper pairs on a superconductinguc'[Ing gapA,.chargmg g—‘”efgﬁc:e /2(C9+2C9)' Jo-

Cooper-pair box. This corresponds to a rotation of a singl@€Phson coupling enerdg;, and thermal fluctuatiokgT.

qubit aboutx axis. Thus the realization of two-qubit gates is ASSume that the system is in the regime Bf<A and

an important step for making a superconducting quantunfeT <Ec in order to suppress quasiparticle tunneling or ex-

computer with a medium size. citation. Also suppose that the system operates under the
In this paper, we investigate how the two-qubit gate couldconditions E3<Ec and CgV4/(2€)~1. Then only two

be implemented on superconducting charge qubits. The pulggharge state§|0),|1)}, no excess Cooper pair and one ex-

sequence and operation times, and the simulation of twocess Cooper pair on the box, play a role and represent the

qubit gates are reported. We examine errors due to finite risgubit. A few ways of coupling charge qubits were

and fall times of pulses in the realization of two-qubit gates.proposed’~**'® Here we consider the coupling between
Our paper is organized as follows. In Sec. Il we introducecharge qubits via th&C resonant circuit, wher& charge

the Hamiltonians of superconducting charge qubits and ofjubits are connected in parallel to a common inductor with

ideal qubits. A numerical method that allows us to simulate dnductance.. The Hamiltonian of the system &f supercon-

quantum computer is presented. In Sec. lll we explicitlyducting charge qubits is given by

show the pulse sequence necessary to implement two-qubit N

gate; with supercpnducting charge qubits. Also numerical Hq(t)z—l 2 [ECiffg)JrEJi(‘in)U(xi)]

studies of two-qubit gates are presented. In Sec. IV we ana- 231

lyze errors due to finite rise and fall times of pulses on su-

perconducting charge qubits. Finally, in Sec. V we summa- _2 EiEy; o ) @)

rize the results. = EL Y Y
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whereEcj=4Ec(CgyV4i/e—1) is turn on and off by apply- ! I I T ! I I
ing the gate voltage/y; on theith gate electrode. Here : : ? Idle time ;
E;i(Py;) =2EScos@dy;/dy) is the effective Josephson TN N
energy of theith qubit, and controlled by the external — FPrec(t) | i il
flux dy;. dy=r/2e is a flux quantum. Here isE_ ' ; ‘ ‘ ‘ : '

= (92 m°L)(2CYCqp)? with Cgit=(2C9) *+C . I e S R R S S

The Hamiltonian of Eq(2) is similar to the ideal one of e
Eq. (1) except for one fact. The system of superconducting | ; ’ i 1 : ‘
charge qubits has only two kinds of independently control- 00 1 5 3 4
lable parameters{Ec;,E;}, whereas the ideal model has %t

four kinds of controllable parameterfB,;,By;,B;;,Jj}.

Coupling between two superconducting charge qubits could F|G. 1. Rectangular pulses with finite rise and fall time &e

be realized by turning on bo;; andE;;. This causes some plotted as a function of time. Here time is normalized in the unit of
disadvantages in operating two-qubit gates, which will ber#/B,. The role of idle time between two successive pulses is to

discussed in Sec. IV. prevent the tails of pulses from overlapping each other.
The time-evolution ofN qubits is governed by a time-
dependent Schdinger equation implemented by applying a sequence of pulses. What makes

the CNOT gate so important is that the CNOT géie any
nontrivial two-qubit gatgand single-qubit gates form a uni-
versal set of logic operation. Also a general two-qubit
controlledy gate can be built up of two CNOT gates and

_yL ; —oN_
where |t'/’i._2f;‘=b°am(t).|m> with Lt—(Zj b 1 ar;damec. I;S ¢ three single-qubit gates. The CNOT gate acting on two qu-
computational basis 1S represented by a ensor product Qi andj is represented by the unitary matrix in the basis of

individual qubits,|m)=|q;)®|q,)®---®|qy), where inte- AN 101N 100 111
germ=2N"1q,+2N"2q,+ ...+ 2%, andg;€{0,1}. Mul- 110:070,1011,), 11,0, [ 1i2;)}

9
i1 =l =Hq(D)]¥), ®

tiplying both sides of Eq(3) by (n|, one gets a set ofl 100 0
coupled first-order ordinary differential equations for the
function a,(t), i 0100 6)
- . CNOT 0 0 0 1 !
) i
a,=—7 > Hun(tan, @ 0010
m=0

wherei andj are indices for a control bit and a target bit,
whereH nm(t) =(n|Hq(t)|m). We developed a program that regpectively.

allows us to solve the above initial value problem and to
simulate a quantum computer. Our code is based on the
Runge-Kutta method!

A quantum logic gate can be realized by controlling the First consider the implementation of the CNOT gate for
time-evolution operator that acts on selected qubits for @n ideal system whose Hamiltonian is given by Ek. The
fixed period of time. A way to control the time-evolution primary two-qubit gate acting on théh andjth qubits could
operator is to turn on or off each term in the Hamiltonians ofbe implemented by turning on the couplidg(t). It can be
Eq. (1) or (2). For an example, a pulg®(t), which is applied ~ written in the basig|0,0;),|0,1;)[1;0;),|1;1;)} as
as Bai(t):BgiP(t) with a=x,y,z, makes it possible to

A. CNOT gate with ideal qubits

change a term of the Hamiltonian from zero to finite value 1 0 0 0
BY, for a finite time 7. In this paper, we consider a rectan- . 0 cosy isiny O
gular pulseP,{t) with width 7=t,—t, and a unit height, Udy(y)= 0 isiny cosy 0| (7
modeled by a kink and antikink pair
0 0 0 1
1 t—t, t,—t . :
Prec(t)=§ tan 2 +tan 72 | | (5  where y=J;;t/fi. Then, the CNOT gate for an ideal qubit

system can be realized by combining single-qubit gates and
where the rise(or fall) time is about 2. That means the primary two-qubit gat&,

Predtat €)=tanh(2)=0.964 for 7>2¢. The smallere one ) )

takes, the sharper rectangular pulse one obtains. Figure 1 UENOT:Hi el (/4) e*i(ﬁf“)f’i')ei(ﬁ/“)ﬂi')

illustrates a sequence of two rectangular pulses.

x Uy,

Z) el yij (Z) Hi ®
lIl. CONTROLLED-NOT GATE WITH 4 2ol g ) "0

SUPERCONDUCTING CHARGE QUBITS . . .
Q where H is a Hadamard gate acting on thé qubit.

In this section, we explicitly show how the controlled-not  Figure 2 depicts the time evolution of qubits under the
(CNOT) gate with superconducting charge qubits could beaction of CNOT gate for the ideal model. The lower part of
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= a 0 0 -1
z 0 0 1
£ "Bl 5 1 0o (12
~
-1 0 0 —a
B, ' : Herea=E;/E;,=E,/E;. Note that the Hamiltonian of Eq.
: (12) does not mix the subspace spanned|®§) and|11)
with that by|01) and|10). Then the time-evolution operator
B; B L Be o
R oy W py B | — of the transformed HamiltoniaH ;,, becomes
I SN S I P
0 1 2 3 4 5 6 /
ph
Buy
™ cosf+n,sind 0 0 —inysing
FIG. 2. Time dependence of probabilitigs;|*'s as a function 0 cosp ising 0
of the normalized timeB,,t/7# on the action of the CNOT gate = . ,
U&or in an ideal model. The sequence of rectangular pulses is 0 Ising  cos¢ 0
given in the lower part. Here iB;=(B,;,B,;,B,) with i=1,2. —inysing 0 0 cosf#—n,sing
Fig. 2 illustrates the sequence of rectangular pulses that gen- (13

erates the CNOT gate of E¢B). Here is taken ¢;,)=|3) . . :
~|1), i.e., |a;]?=1, as an initial statddenoted byO). where the time evolution corresponds to the rotation about

After implementing the CNOT gate, one obtaifas =1, the y axis by angle¢=E7/% in the subspace spanned by

corresponding to stafd.0), labeled by+. In Fig. 2, it takes |01) and |.10>' Also n the_ subspace spanned. 190 and
a long time to implement the single-qubit gaeéi(w/4)a§j) |11), the time evolution gives rise to the rotation about the

- axis (n,,0n,) by angle¢=\1+a?E;,7/#, where
becauseB,;’'s are taken to be always positive or zero.

B. CNOT gate with superconducting charge qubits n,= a _ zEL , (149
Let us consider the implementation of the CNOT gate Vai+1 ‘/EL+EJ
with superconducting charge qubits. The coupling between
the ith and jth qubits can be switched on by turning on 1 E,
Josephson couplingk,;; andE;;, and by turning off charg- === s (14b
ing energy termsEc;=Ec;=0. Then, the interaction Hamil- Va?+1  E{+Ej
tonian between two charge qubits, for an example qubits 1
and 2, can be written as By choosing the appropriate valugs , E;, and r, one can
control the rotation angleg and 6. Let us consider special
oo Ea(l)— Ea(z)—E- D@ © arjgles <_;S=(7-r/4)(2m— 1) with m=1.2,..., andf=nmw
ph 2 x 2 Yx int%y Ty " with n=0,+1,+2,.... Note that the case of even
is same to that of odd up to the global phase'”. These
where E;,=E3/E_ with an assumption oE;;=E;;=E;.  angles can be obtained by taking the evolution time
For a moment, suppose that switchigg’s on and off could = (#/4)(2m—1)(%#/E;,), which is given by the relation of

be done instantaneously. As will be discussed later, a finitangle ¢. Then one has 6= (w/4)(2m—1)y1+a?
time in switching onE;;'s gives rise to an error in imple- = (7/4),/1+EZ/EZ=nx. Thus we obtain the relation be-
menting two-qubit gates. tweenE, andE,,

The basic two-qubit gate is given by the time-evolution
operator under the Hamiltonian of E@®) for a finite timer,

= 4n \?
Uph(T):efinhrlh. (10) E_J: (Zm_l) -1, (15)

Let us transform the above time-evolution operator under the . . .
unitary operatoR, = ex —i(m/4) () + ¢{2)] as where it could be accomplished by tuniig or E, . Note
Y y y that one cannot take=0. Also the evolution time is given

-~ b
=Ry UpR =€ Mo, aw
where the Hamiltonian transformed,, = R;thRy reads . %\/(4n)2—(2m—1)2. (16
J
: E, E,
= 0= 5 o —Ego{Nel® (124

We have the basic two-qubit galt&,,= RyU[’)hR;E given by
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= 1F I'O) R L L (a) Ideal qubits
';; 1) by 1 T T T T T T 1
=3 - 2 - o —f
805 |2) Z 1.0 . T :: CIR - R
=L 2 L . ]
S
0 £ 098 | . -
— noidling i
0.96 0.5¢ ‘.gi!“g N T r—
Ej — | fEuding = A
E i |
T o4 — 1t 1 1 1 1 | | .
. . X 1.
01 2 3 456 78 9 0 0.2 0.4 0.6 0.8
Eq, €/Top
w

. . - . . (b) Superconducting qubits
FIG. 3. Time evolution of probabilities of qubits as a function of

time on action of the CNOT gate for superconducting charge qubits.
Time is normalized in the unit ofrA/E;. Ec/E;=2 and E;

= \/HEEJ are taken. The sequence of rectangular pulses is depicted
in the lower part.

Probability
o
j
S
|

. . 09 |  noidling e -
1+€'¢ 0 0 1-¢e'¢ 0.5¢idling *
—i¢ ) ™ eidling o ‘ . .
U :} 0 1te ) 1-e ) 0 08 3eidling o i _
P21 0 1-e 1+e? 0 |’ ' T R N TR NN NN N SR
1-e'¢ 0 0 1+e'¢ 0 0.2 0.4 0.6 0.8 1.0
(17) €/Top

the:/?/iﬁ:s(igllllglerjnbi_t 1)a\t/:;h {E: iﬁr’]t’r(’)"éiyﬁg;ﬂﬂmg ate FIG. 4. Probability of success on the action of the CNOT gate as
ph gle-q g ’ P P9 a function of the ratio of the rise and fall time to the operation time,

b ; . . . .
Ucpr, operating on theth andjth qubits, can be realized by €l 7 (@) ideal qubits,(b) superconducting charge qubits. Here the
N ) NN time scale of operation is,,=7#/B, for the ideal case and,

Udpe=e 1?72 @92 U e ™72 12U ) (18)  =#/E, for the superconducting case. Idle times prevent the tails of
. . . pulses from overlapping. The solid line is the fitting function 1

Where‘ﬁ.'s the value given above. By using the cont.rqlled- —0.027(€l 7o) that shows the quadratic growth of error in rise and

phase-flip gatdJ{ - and the Hadamard gate; on qubitj, fall times.

the CNOT gate can be implemented by

UiCj:NOT:H'Ui(j:PFH" (19 times do not commute, |.e[th(t),_th(t )]#0 fqr t#t’.
] ] This causes an error in the realization of two-qubit gates with
Takingm=1 andn=3, one gets, = V143, . This value superconducting charge qubits. If Hamiltonians at different
satisfies the physical (:’onditkE\_fviOEJ _16,18,322The typical times commute, the shape of the pulse applied is of no im-

time scale for operating the basic two-qubit gate is given b)portance. The ideal qubits and single-qubit rotations of su-

7= (mh/4E ;) 143, which is much longer than the operation perconducting charge qubits are free from this problem.
time of the single-qubit gates,,=#/E; or #/Ec; . Figure 3 The Magnus expansiéhprovides the means of represent-

shows time evolution of qubits whdg;,)=|11) is taken as ing_the time-evolution operator of a time-dependent Hamil-
an input(denoted byO). After operating the CNOT gate on tonianH(t) as
two qubits, one gets the output,,) =|10), which is labeled

by X. U(t):Te—(i/ﬁ)fgdrH(r):e—(i/ﬁ)ﬁf, (209
IV. ERRORS DUE TO FINITE RISE AND FALL TIMES OF whereT denotes the time-ordering operator. Here the average
PULSES Hamiltonian is given byH=H®+HM+ ... where

Up to now, it was assumed that the effective Josephson
coupling E;i(t) could be switched on(or off) instanta- —(0)_1 T
! g H®=—1 dt;H(ty), (20b)
neously. This means a pulse applied is a perfect rectangular 7)o
one and has no rise and fall times. However, in reality it
takes finite times to turn orjor off) pulses fully. While i .
, : : > o —i ra ,
E;i(t)'s being swﬂghed oror off), the Haml’ltomar.\ of Eq. H(l):7f dtzf dt,[H(t,),H(t)]. (200
(9) Hpn becomes time dependent and tHg,'s at different 27h Jo 0

144526-4



ERRORS DUE TO FINITE RISE AND FALLTIMES @.. .. PHYSICAL REVIEW B 65 144526

If the rise and fall time is short, then the approximation to thequbits, although a finite idle time reduces the error, there still
first term H® is good. Otherwise the higher-order terms €Xists the error due to finite rise and fall times. As shown in
become significant. If the pulse for the rise time is modeled™ig. 4(b), the probability of getting the correct state reduces
by P(t)=t/2e, the first termH® which arises when the guadratically in rise and fall time &in agreement with the

. . o ; theoretical prediction of Eq23).
basic two-qubit gaté)yy, is implemented, can be written by In Nakar[r)wraet al's exp((:a(rim)entq0 the rise and fall times

of the pulse was about 30—40 ps at the top of the cryostat. If
the effective Josephson coupling Es~50 neV, then the
time scale of single-qubix rotation is abouti/E;~1 ps.
The error due to the finite rise and fall times of pulses isThis means that the rise and fall times of the pulses should
quantified by the gate fideli§ be less than 1 ps in order for two-qubit gates to be imple-
mented correctly. It should be noted that this type of error is
F=(in| U poutd | in) = [{ roud W51, (22)  caused by the coupling scheme between two qubits. Thus
where U is the unitary operator corresponding to the idealtniS Problems can be solved by improving the design of de-
gate when perfect rectangular pulses are applied. On thdC€S; i-€., by introducing new ways of two-qubit couplings.
other hand, the unitary operator generated by pulses with
finite rise and fall times transforms the input stag,) into
the density operator of the imperfect output stag. In our
case the gate fidelity is nothing but the square of the overlapC
between the perfect output staig,,)=U|;,) and the im-
perfect output statepou=|¢S){¥sd- Assuming that
Eq. (21) is small, it is straightforward to calculate the gate
fidelity

3

T~ 3¢ 1) (2, (1) (2)
HM~ 15ELﬁ(UZ o +oyla). (21)

V. SUMMARY

We have studied the dynamics of qubits on the action of
NOT gates for ideal and superconducting charge qubits. We
have explicitly shown how the CNOT gate could be imple-
mented for superconducting charge qubits. It is found that
the error in implementing two-qubit gates with supercon-
ducting charge qubits grows quadratically in finite rise and
fall times. Thus it is necessary to keep the rise and fall times
small or to find new ways of coupling two qubits other than
the coupling scheme via the common inductor.

F~|(gile V7 gy 2~1—eX(A7?), (29

where <A772>_E<¢in|772|'70in>_(<'70in| 77|'70in>)2 is the disper-
sion of =H®r/he. For small rise and fall time, error
grows quadratically in rise and fall timee2

Figure 4 shows the numerical study of the error due to
finite rise and fall times in implementing the CNOT gate  The author would like to thank Y. Makhlin, A. Shnirman,
with superconducting charge qubits. For ideal qubits, if finiteand G. Scho for helpful discussions. This work was
idle times between successive pulses are applied, the corrguartially supported by Korea Science and Engineering
CNOT gate is realized. However, for superconducting chargé&oundation.
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