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Errors due to finite rise and fall times of pulses in superconducting charge qubits
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We study numerically the dynamics of two-qubit gates with superconducting charge qubits. The exact ratio
of EJ to EL and the corresponding operation time are calculated in order to implement two-qubit gates. We
investigate the effect of finite rise and fall times of pulses in realization of two-qubit gates. It is found that the
error in implementing two-qubit gates grows quadratically in rise and fall times of pulses.
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I. INTRODUCTION

Building a practical quantum computer with a large nu
ber of qubits has recently attracted much attention since
useful quantum algorithms1,2 and the quantum error
correction codes3,4 were developed. Basic quantum log
gates were implemented on trapped ions,5,6 QED cavities,7

and liquid-state nuclear magnetic resonance.8–10 Solid-state
devices have advantages of large-scale integration, flexib
in the design, and easy connection to conventional electr
devices. Some of the solid-state devices proposed are as
lows: electron spins in quantum dots,11 nuclear spins of do-
nor atom in silicon,12 and ultrasmall Josephso
junctions.13–18

Two types of superconducting qubits based on ultrasm
Josephson junctions were proposed. One is to use a nu
of excess Cooper pairs on a superconducting Cooper-
box, called the superconducting charge qubit.14–16 And the
other is to utilize a single flux quantum of a superconduct
loop, called the superconducting flux qubit.13 Here, we focus
on superconducting charge qubits. In theoretical aspects
measurement of superconducting charge states usin
single-electron transistor and decoherence due to couplin
qubits with environments were studied.17,18 Also the quan-
tum leakage of superconducting charge qubits was poin
out.19 In experiments, Nakamuraet al.20 demonstrated the
coherent oscillations of Cooper pairs on a superconduc
Cooper-pair box. This corresponds to a rotation of a sin
qubit aboutx axis. Thus the realization of two-qubit gates
an important step for making a superconducting quan
computer with a medium size.

In this paper, we investigate how the two-qubit gate co
be implemented on superconducting charge qubits. The p
sequence and operation times, and the simulation of t
qubit gates are reported. We examine errors due to finite
and fall times of pulses in the realization of two-qubit gat

Our paper is organized as follows. In Sec. II we introdu
the Hamiltonians of superconducting charge qubits and
ideal qubits. A numerical method that allows us to simulat
quantum computer is presented. In Sec. III we explic
show the pulse sequence necessary to implement two-q
gates with superconducting charge qubits. Also numer
studies of two-qubit gates are presented. In Sec. IV we a
lyze errors due to finite rise and fall times of pulses on
perconducting charge qubits. Finally, in Sec. V we summ
rize the results.
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II. HAMILTONIAN OF SUPERCONDUCTING
CHARGE QUBITS

In this paper we consider two qubit systems: ideal qub
and superconducting charge qubits.16,18 By comparing two
qubit systems, one can discover differences and similari
between them, which will be helpful to improve the desi
of superconducting charge qubits.

First consider an ideal model for a quantum compu
The Hamiltonian of the system ofN ideal qubits reads

Hq
ideal~ t !52(

i 51

N

Bi~ t !•s( i )

2
1

2 (
i , j

Ji j ~ t !@sx
( i )sx

( j )1sy
( i )sy

( j )#, ~1!

where s( i )5(sx
( i ) ,sy

( i ) ,sz
( i )) are Pauli matrices for thei th

qubit. Here the Zeeman coupling termsBi(t) and the inter-
qubit couplingsJi j ~t! can be turned on and off between ze
and finite values in a controlled way.

Let us consider a system ofN superconducting charg
qubits.14,16,18Each qubit consists of a single-Cooper-pair b
with two ultrasmall Josephson junctions of capacitanceCJ

0

forming a superconducting quantum interference device r
and a gate electrode with capacitanceCg . The dynamics of a
qubit is characterized by relevant energy scales; super
ducting gapD, charging energyEC[e2/2(Cg12CJ

0), Jo-
sephson coupling energyEJ

0 , and thermal fluctuationkBT.
Assume that the system is in the regime ofEC!D and
kBT!EC in order to suppress quasiparticle tunneling or e
citation. Also suppose that the system operates under
conditions EJ

0!EC and CgVg /(2e);1. Then only two
charge states$u0&,u1&%, no excess Cooper pair and one e
cess Cooper pair on the box, play a role and represent
qubit. A few ways of coupling charge qubits wer
proposed.14–16,18 Here we consider the coupling betwee
charge qubits via theLC resonant circuit, whereN charge
qubits are connected in parallel to a common inductor w
inductanceL. The Hamiltonian of the system ofN supercon-
ducting charge qubits is given by

Hq~ t !52
1

2 (
i 51

N

@ECisz
( i )1EJi~FXi!sx

( i )#

2(
i , j

EJiEJ j

EL
sy

( i )sy
( j ) , ~2!
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whereECi54EC(CgiVgi /e21) is turn on and off by apply-
ing the gate voltageVgi on the i th gate electrode. Here
EJi(FXi)52EJ

0cos(pFXi /F0) is the effective Josephso
energy of the i th qubit, and controlled by the externa
flux FXi . F05\/2e is a flux quantum. Here isEL

5(F0
2/p2L)(2CJ

0/Cqb)
2 with Cqb

215(2CJ
0)211Cg

21 .
The Hamiltonian of Eq.~2! is similar to the ideal one o

Eq. ~1! except for one fact. The system of superconduct
charge qubits has only two kinds of independently contr
lable parameters,$ECi ,EJi%, whereas the ideal model ha
four kinds of controllable parameters$Bxi ,Byi ,Bzi ,Ji j %.
Coupling between two superconducting charge qubits co
be realized by turning on bothEJi andEJ j . This causes some
disadvantages in operating two-qubit gates, which will
discussed in Sec. IV.

The time-evolution ofN qubits is governed by a time
dependent Schro¨dinger equation

i\
]

]t
uc&5Hq~ t !uc&, ~3!

where uc&5(m50
L am(t)um& with L[2N21 andamPC. Its

computational basis is represented by a tensor produc
individual qubits,um&5uq1& ^ uq2& ^ •••^ uqN&, where inte-
ger m52N21q112N22q21•••120qN and qiP$0,1%. Mul-
tiplying both sides of Eq.~3! by ^nu, one gets a set ofN
coupled first-order ordinary differential equations for t
function an(t),

ȧn52
i

\ (
m50

L

Hnm~ t !am , ~4!

whereHnm(t)[^nuHq(t)um&. We developed a program tha
allows us to solve the above initial value problem and
simulate a quantum computer. Our code is based on
Runge-Kutta method.21

A quantum logic gate can be realized by controlling t
time-evolution operator that acts on selected qubits fo
fixed period of time. A way to control the time-evolutio
operator is to turn on or off each term in the Hamiltonians
Eq. ~1! or ~2!. For an example, a pulseP(t), which is applied
as Ba i(t)5Ba i

0 P(t) with a5x,y,z, makes it possible to
change a term of the Hamiltonian from zero to finite val
Ba i

0 for a finite timet. In this paper, we consider a recta
gular pulsePrec(t) with width t5tb2ta and a unit height,
modeled by a kink and antikink pair

Prec~ t !5
1

2 F tanhS t2ta

e/2 D1tanhS tb2t

e/2 D G , ~5!

where the rise~or fall! time is about 2e. That means
Prec(ta1e)*tanh(2)'0.964 for t.2e. The smallere one
takes, the sharper rectangular pulse one obtains. Figu
illustrates a sequence of two rectangular pulses.

III. CONTROLLED-NOT GATE WITH
SUPERCONDUCTING CHARGE QUBITS

In this section, we explicitly show how the controlled-n
~CNOT! gate with superconducting charge qubits could
14452
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implemented by applying a sequence of pulses. What ma
the CNOT gate so important is that the CNOT gate~or any
nontrivial two-qubit gate! and single-qubit gates form a un
versal set of logic operation. Also a general two-qu
controlled-U gate can be built up of two CNOT gates an
three single-qubit gates. The CNOT gate acting on two
bits i andj is represented by the unitary matrix in the basis
$u0i0 j&,u0i1 j&,u1i0 j&,u1i1 j&%,

UCNOT
i j 5S 1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

D , ~6!

where i and j are indices for a control bit and a target b
respectively.

A. CNOT gate with ideal qubits

First consider the implementation of the CNOT gate
an ideal system whose Hamiltonian is given by Eq.~1!. The
primary two-qubit gate acting on thei th andj th qubits could
be implemented by turning on the couplingJi j (t). It can be
written in the basis$u0i0 j&,u0i1 j&u1i0 j&,u1i1 j&% as

U2b
i j ~g!5S 1 0 0 0

0 cosg ising 0

0 ising cosg 0

0 0 0 1

D , ~7!

where g[Ji j t/\. Then, the CNOT gate for an ideal qub
system can be realized by combining single-qubit gates
the primary two-qubit gateU2b

i j

UCNOT
i j 5Hi ei (p/4) e2 i (p/4)sx

( j )
ei (p/4)sx

( i )

3U2b
i j S p

4 D ei (p/2)sx
( i )

U2b
i j S p

4 D Hi , ~8!

where Hi is a Hadamard gate acting on thei th qubit.
Figure 2 depicts the time evolution of qubits under t

action of CNOT gate for the ideal model. The lower part

FIG. 1. Rectangular pulses with finite rise and fall time 2e are
plotted as a function of time. Here time is normalized in the unit
p\/Bx . The role of idle time between two successive pulses is
prevent the tails of pulses from overlapping each other.
6-2
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Fig. 2 illustrates the sequence of rectangular pulses that
erates the CNOT gate of Eq.~8!. Here is takenuc in&5u3&
5u11&, i.e., ua11u251, as an initial state~denoted bys).
After implementing the CNOT gate, one obtainsua10u251,
corresponding to stateu10&, labeled by1. In Fig. 2, it takes

a long time to implement the single-qubit gatee2 i (p/4)sx
( j )

becauseBa i ’s are taken to be always positive or zero.

B. CNOT gate with superconducting charge qubits

Let us consider the implementation of the CNOT ga
with superconducting charge qubits. The coupling betw
the i th and j th qubits can be switched on by turning o
Josephson couplings,EJi andEJ j , and by turning off charg-
ing energy terms,ECi5EC j50. Then, the interaction Hamil
tonian between two charge qubits, for an example qubit
and 2, can be written as

Hph52
EJ

2
sx

(1)2
EJ

2
sx

(2)2Eintsy
(1)sy

(2) , ~9!

where Eint[EJ
2/EL with an assumption ofEJ15EJ2[EJ .

For a moment, suppose that switchingEJi’s on and off could
be done instantaneously. As will be discussed later, a fi
time in switching onEJi’s gives rise to an error in imple
menting two-qubit gates.

The basic two-qubit gate is given by the time-evoluti
operator under the Hamiltonian of Eq.~9! for a finite timet,

Uph~t!5e2 iH pht/\. ~10!

Let us transform the above time-evolution operator under
unitary operatorRy[exp@2i(p/4)(sy

(1)1sy
(2))# as

Uph8 [Ry
† UphRy5e2 iH ph8 t/\, ~11!

where the Hamiltonian transformed,Hph8 [Ry
†HphRy reads

Hph8 52
EJ

2
sz

(1)2
EJ

2
sz

(2)2Eintsy
(1)sy

(2) ~12a!

FIG. 2. Time dependence of probabilitiesuai j u2’s as a function
of the normalized timeBx1t/p\ on the action of the CNOT gate
UCNOT

12 in an ideal model. The sequence of rectangular pulse
given in the lower part. Here isBi5(Bxi ,Byi ,Bzi) with i 51,2.
14452
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52EintS a 0 0 21

0 0 1 0

0 1 0 0

21 0 0 2a

D . ~12b!

Herea[EJ /Eint5EL /EJ . Note that the Hamiltonian of Eq
~12! does not mix the subspace spanned byu00& and u11&
with that byu01& andu10&. Then the time-evolution operato
of the transformed HamiltonianHph8 becomes

Uph8

5S cosu1nz sinu 0 0 2 inx sinu

0 cosf i sinf 0

0 i sinf cosf 0

2 inx sinu 0 0 cosu2nz sinu

D ,

~13!

where the time evolution corresponds to the rotation ab
the y axis by anglef[Eintt/\ in the subspace spanned b
u01& and u10&. Also in the subspace spanned byu00& and
u11&, the time evolution gives rise to the rotation about t
axis (nx,0,nz) by angleu[A11a2 Eintt/\, where

nz[
a

Aa211
5

EL

AEL
21EJ

2
, ~14a!

nx[
1

Aa211
5

EJ

AEL
21EJ

2
. ~14b!

By choosing the appropriate valuesEL , EJ , andt, one can
control the rotation anglesf andu. Let us consider specia
angles f5(p/4)(2m21) with m51,2, . . . , andu5np
with n50,61,62, . . . . Note that the case of evenn
is same to that of oddn up to the global phaseeip. These
angles can be obtained by taking the evolution timet
5(p/4)(2m21)(\/Eint), which is given by the relation of
angle f. Then one has u5(p/4)(2m21)A11a2

5(p/4)A11EL
2/EJ

25np. Thus we obtain the relation be
tweenEL andEJ ,

EL

EJ
5AS 4n

2m21D 2

21, ~15!

where it could be accomplished by tuningEJ or EL . Note
that one cannot taken50. Also the evolution time is given
by

t5
p\

4EJ
A~4n!22~2m21!2. ~16!

We have the basic two-qubit gateUph5RyUph8 Ry
† given by

is
6-3
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Uph5
1

2 S 11eif 0 0 12eif

0 11e2 if 12e2 if 0

0 12e2 if 11e2 if 0

12eif 0 0 11eif

D ,

~17!

wheref5(p/4)(2m21) with m51,2, . . . . Bycombining
Uph with single-qubit gates, the controlled-phase-flip ga
UCPF

i j , operating on thei th and j th qubits, can be realized b

UCPF
i j 5e2 ifsz

( i )
eifsz

( j )
Uph

i j e2 ipsz
( i )/2 Uph

i j , ~18!

wheref is the value given above. By using the controlle
phase-flip gateUCPF

i j and the Hadamard gateH j on qubit j,
the CNOT gate can be implemented by

UCNOT
i j 5H jUCPF

i j H j . ~19!

Taking m51 andn53, one getsEL5A143EJ . This value
satisfies the physical conditionEL;10EJ .16,18,22The typical
time scale for operating the basic two-qubit gate is given
t5(p\/4EJ)A143, which is much longer than the operatio
time of the single-qubit gate,top5\/EJ or \/ECi . Figure 3
shows time evolution of qubits whenuc in&5u11& is taken as
an input~denoted bys). After operating the CNOT gate o
two qubits, one gets the outputucout&5u10&, which is labeled
by 3.

IV. ERRORS DUE TO FINITE RISE AND FALL TIMES OF
PULSES

Up to now, it was assumed that the effective Joseph
coupling EJi(t) could be switched on~or off! instanta-
neously. This means a pulse applied is a perfect rectang
one and has no rise and fall times. However, in reality
takes finite times to turn on~or off! pulses fully. While
EJi(t)’s being switched on~or off!, the Hamiltonian of Eq.
~9! Hph becomes time dependent and theHph’s at different

FIG. 3. Time evolution of probabilities of qubits as a function
time on action of the CNOT gate for superconducting charge qub
Time is normalized in the unit ofp\/EJ . ECi /EJ52 and EL

5A143EJ are taken. The sequence of rectangular pulses is dep
in the lower part.
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times do not commute, i.e.,@Hph(t),Hph(t8)#Þ0 for tÞt8.
This causes an error in the realization of two-qubit gates w
superconducting charge qubits. If Hamiltonians at differe
times commute, the shape of the pulse applied is of no
portance. The ideal qubits and single-qubit rotations of
perconducting charge qubits are free from this problem.

The Magnus expansion23 provides the means of represen
ing the time-evolution operator of a time-dependent Ham
tonianH(t) as

U~ t !5Te2( i /\)*0
t dt H(t)5e2( i /\)H̄t, ~20a!

whereT denotes the time-ordering operator. Here the aver
Hamiltonian is given byH̄5H̄ (0)1H̄ (1)1•••, where

H̄ (0)5
1

tE0

t

dt1H~ t1!, ~20b!

H̄ (1)5
2 i

2t\E0

t

dt2 E
0

t2
dt1@H~ t2!,H~ t1!#. ~20c!

FIG. 4. Probability of success on the action of the CNOT gate
a function of the ratio of the rise and fall time to the operation tim
e/top: ~a! ideal qubits,~b! superconducting charge qubits. Here t
time scale of operation istop5\/Bz for the ideal case andtop

5\/ECi for the superconducting case. Idle times prevent the tail
pulses from overlapping. The solid line is the fitting function
20.027(e/top)

2 that shows the quadratic growth of error in rise a
fall times.
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If the rise and fall time is short, then the approximation to t
first term H̄ (0) is good. Otherwise the higher-order term
become significant. If the pulse for the rise time is mode
by P(t)5t/2e, the first termH̄ (1), which arises when the
basic two-qubit gateUph is implemented, can be written by

H̄ (1)'2
EJ

3e

15EL\
~sz

(1)sy
(2)1sy

(1)sz
(2)!. ~21!

The error due to the finite rise and fall times of pulses
quantified by the gate fidelity24

F5^c inuU†routUuc in&5u^coutucout
e &u2, ~22!

whereU is the unitary operator corresponding to the ide
gate when perfect rectangular pulses are applied. On
other hand, the unitary operator generated by pulses
finite rise and fall times transforms the input stateuc in& into
the density operator of the imperfect output staterout. In our
case the gate fidelity is nothing but the square of the ove
between the perfect output stateucout&5Uuc in& and the im-
perfect output staterout5ucout

e &^cout
e u. Assuming that

Eq. ~21! is small, it is straightforward to calculate the ga
fidelity

F'u^c inue2 iH̄ (1)t/\uc in&u2'12e2^Dh2&, ~23!

where ^Dh2&[^c inuh2uc in&2(^c inuhuc in&)
2 is the disper-

sion of h[H̄ (1)t/\e. For small rise and fall time, erro
grows quadratically in rise and fall time 2e.

Figure 4 shows the numerical study of the error due
finite rise and fall times in implementing the CNOT ga
with superconducting charge qubits. For ideal qubits, if fin
idle times between successive pulses are applied, the co
CNOT gate is realized. However, for superconducting cha
h

.

.J

t

.
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qubits, although a finite idle time reduces the error, there
exists the error due to finite rise and fall times. As shown
Fig. 4~b!, the probability of getting the correct state reduc
quadratically in rise and fall time 2e in agreement with the
theoretical prediction of Eq.~23!.

In Nakamuraet al.’s experiment,20 the rise and fall times
of the pulse was about 30–40 ps at the top of the cryosta
the effective Josephson coupling isEJ'50 meV, then the
time scale of single-qubitx rotation is about\/EJ'1 ps.
This means that the rise and fall times of the pulses sho
be less than 1 ps in order for two-qubit gates to be imp
mented correctly. It should be noted that this type of erro
caused by the coupling scheme between two qubits. T
this problems can be solved by improving the design of
vices, i.e., by introducing new ways of two-qubit coupling

V. SUMMARY

We have studied the dynamics of qubits on the action
CNOT gates for ideal and superconducting charge qubits.
have explicitly shown how the CNOT gate could be imp
mented for superconducting charge qubits. It is found t
the error in implementing two-qubit gates with superco
ducting charge qubits grows quadratically in finite rise a
fall times. Thus it is necessary to keep the rise and fall tim
small or to find new ways of coupling two qubits other th
the coupling scheme via the common inductor.
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